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Abstract

In kernel based methods such as Support Vector Machines, Kernel
PCA, Gaussian Processes or Regularization Networks the computational
requirements scale as O(n®) where n is the number of training points. In
this paper we investigate Kernel Principal Component Regression (KPCR)
with the Expectation Maximization approach in estimating of the subset
of p principal components (p < n) in a feature space defined by a positive
definite kernel function. The computational requirements of the method
are O(pn?). Moreover, the algorithm can be implemented with memory
requirements O(p?) + O((p + 1)n)).

We give the theoretical description explaining how by the proper selec-
tion of a subset of non-linear principal components desired generalization
of the KPCR is achieved. On two data sets we experimentally demonstrate
this fact. Moreover, on a noisy chaotic Mackey-Glass time series predic-
tion the best performance is achieved with p < n and experiments also
suggests that in such cases we can also use significantly reduced training
data sets to estimate the non-linear principal components.

The theoretical relation and experimental comparison to Kernel Ridge
Regression and e-insensitive Support Vector Regression is also given.

1 Introduction

The kernel-based solution to nonlinear regression has attracted the attention of
many researchers. As a result, a unifying framework for Support Vector Ma-
chines, Regularization Networks, Gaussian processes and spline methods was
given [8, 38, 39, 31, 12]. Although the methods were derived from different
theoretical assumptions a straightforward connection between a Reproducing
Kernel Hilbert Space (RKHS) and the corresponding feature space representa-
tion of the transformed input data gave rise to this unification. In Section 2 we
will give a basic description of RKHS and feature space and briefly discuss the
main results on non-linear regression tasks formulated in a RKHS.

However, the main drawbacks of these methods is the computational cost of
finding the solution which scales as O(n3) where n is the number of the train-
ing examples. Recently, several different approaches to overcome the problem
were proposed [26, 30, 42]. In [21, 23] we proposed the analog of the Principal
Component Regression (PCR) method in a high dimensional feature space de-
fined by a positive definite kernel function. We named the method Kernel PCR
(KPCR). KPCR is based on the orthogonal rotation of the original regressors
in a feature space. The rotation is defined by the p < n eigenvectors found
by the Kernel Principal Component Analysis (KPCA) method [27, 28]. Al-
though this approach can be very useful in the case where we are dealing with
highly correlated/multicorrelated regressors, in general, it does not overcome
the computational cost as we still need to diagonalize an (n X n) matrix. How-
ever, as we will show later, the KPCR method belongs to the class of so-called



shrinkage estimators where the lower variance of the estimated regression coeffi-
cients is achieved by exploiting only a subset of the eigenvectors which generally
correspond to the largest eigenvalues. Moreover, in [23] we also experimentally
demonstrated that in some cases the estimation of the eigenvectors from a lower
number m < n training data points followed by projection of the remainder of
the training data to the extracted eigenvectors does not significantly degrade the
final performance. This gives rise to the question of the possibility of using algo-
rithms for iterative estimation of the first p eigenvectors either from the whole
(n x n) or reduced (m x m) matrices. To this end, in this paper we investigate
the performance of KPCR using the non-linear principal components extracted
by the Expectation Maximization KPCA (EMKPCA) algorithm originally pro-
posed in [20]. The computational complexity of the algorithm is O(pn?) and we
do not need to store the whole (n x n) matrix . In fact the memory requirements
are O(p*) + O((p + 1)n)).

The classical PCR technique is a well known shrinkage estimator designed
to deal with multicollinearity (see e.g. [6, 18, 10]). The multicollinearity or
near-linear dependence of regressors is a serious problem which can dramati-
cally influence the effectiveness of a regression model. Multicollinearity results
in large variances and covariances for the least-squares estimators of the regres-
sion coefficients. Multicollinearity can also produce estimates of the regression
coefficients that are too large in absolute value. Thus the values and signs of
estimated regression coefficients may change considerably given different data
samples. This effect can lead to a regression model which fits the training data
reasonably well, but in general poor generalization of the model can occur. This
fact is in a very close relation to the argument stressed in [31], where the authors
have shown that choosing the flattest function! in a feature space can, based
on the smoothing properties of the selected kernel function, lead to a smooth
function in the input space.

Two methods which deal with multicollinearity are Ridge Regression (RR)
and PCR. We will give the theoretical basis of (Kernel) PCR and will also high-
light the relation to the Kernel RR (KRR) [25, 5, 3] technique in a kernel defined
feature space. Moreover, we will show that the final solution of KPCR leads
to the same form as defined by the Representer Theorem [13] which unifies the
solutions of the Support Vector Machines, Regularization Networks, Gaussian
processes and spline methods in a RKHS.

On two data sets, the chaotic Mackey-Glass time series prediction and on
the problem of estimation of the human signal detection performance from the
Evoked Related Potentials (ERPs), we compared KPCR, KRR and Support
Vector Regression (SVR)? [38, 29, 3] techniques. We demonstrate that both
KPCR and KRR techniques achieves similar results, however, in the case of
KPCR the final linear model in a feature space is significantly smaller; i.e. only

! The flatness is defined in the sense of penalizing high values of the regression coefficients
estimate.
2In this paper we are assuming a SVR model with the e—insensitive cost function.



p < n eigenvectors are utilized. On the real data set, the performance of the
KPCR and KRR models using the quadratic cost function is slightly superior
to SVR. This suggests that on that particular data set a Gaussian type of noise
is more likely; i.e. the regression models with a quadratic cost function are
preferable.

In Section 2 a basic definition of a RKHS and formulation of the Representer
Theorem is given. Section 3 describes the Kernel PCA algorithm and also shows
the connection to the recently used Nystrom approximation of the eigenfunction
decomposition of a kernel function. In Section 4 the EM approach to Kernel
PCA is given. KPCR and KRR are described and compared in Section 5. The
question of an unpenalized bias term in the case of KRR is also discussed.
Section 6 describes the data sets and the results are given in Section 7. Section
8 provides a short discussion and concludes the paper.

2 RKHS and Representer Theorem

The common aim of Support Vector Machines, Regularization Networks, Gaus-
sian processes and spline methods is to address the poor generalization proper-
ties of existing regression techniques. To overcome this problem a regularized
formulation of regression is considered as a variational problem

. RS 2
i o (1) = 3 3V 0 £059) + €11 (1)
leading to a solution of the form
F0) =" eiK (xi,%) (2)
i=1

for any differentiable loss function V' [39, 5]. £ is a positive number (regular-
ization term) to control the tradeoff between approximating properties and the
smoothness of f. We assume a training set of regressors {x;}"_; to be a sub-
set of a compact set X C RN and {y; ", € R to be a set of corresponding
outputs. ||f||3, is a norm (sometimes called ”stabilizer” in regularization net-
works domain) in a RKHS H [1] defined by the positive definite kernel K (x,y);
i.e. a symmetric function of two variables satisfying the Mercer theorem con-
ditions [15]. The fact that for any such positive definite kernel there exists a
unique RKHS is well established by the Moore-Aronszjan theorem [1]. The form
K (x,y) has the following reproducing property

fy) =), Kxy)n VfeHr

where (.,.)3 is the scalar product in . The function K is called reproducing
kernel for H.



It follows from Mercer’s theorem that each positive definite kernel K (x,y)
can by written in the form

M
X,y) = Aidi(X)di(y) M < oo (3)
where {¢;(.)}M, are the eigenfunctions of the integral operator 'y : Ly(X) —

Ly(X)
(Tr f)(x /ny y)dy Vf € La(X)

and {)\ > 0}M, are the corresponding positive eigenvalues. The sequence
{#:i(.)}M, creates an orthonormal basis of H and we can express any function

feHas f(x)= Zf\il a;¢;(x) for any a; € R. This allows us to define a scalar

product in H:
M
(3 out ), it = 3 4

i=1

and the norm || f||3, = Ef\/ll 3. Rewriting (3) in the form

M
y) = Z VXidi(x)VAidi(y) = (8(x), B(y))F

it becomes clear that any kernel K (x,y) also corresponds to a canonical (Eu-
clidean) dot product in a possibly high dimensional space F where the input
data are mapped by ® : RN — F. The space F of all functions that are spanned
by the basis {¢;(.)}4, € H is usually de-noted as a feature space. The number of
basis functions ¢;(.) defines the dimensionality of F. It is worth noting, that we
can also construct a RKHS and a corresponding feature space by choosing a se-
quence of linearly independent functions (not necessary orthogonal) {t;(x)}M,
and positive numbers «; to define a series (in the case of M = oo absolutely
and uniformly convergent)

M
)= Z aithi(x)i(y)

This also gives the connection between the RKHS and Gaussian processes [39]
where the K is assumed to represent the correlation function of a zero-mean
Gaussian process evaluated at points x and y.

Until now, we assumed that K is a positive definite kernel. However, the
above results can be extended even for the case when K is a positive semidefinite.
Is such a case a RKHS # contain a subspace of functions f with a zero norm



If1I3, (the null space). It was shown in [13] that in such a case the solution of
(1) has the more general form

n l
F) = D K (%) + 30 b () (@

where the functions {¢;(.)};_, span the null space of # and the coefficients
{eitiy, {b;j}}—, are again given by the data. For the purposes of this paper we
will assume [ = 1 and (;(x) = const Vx. Using the positive definite kernel K,
similar to the Gaussian kernel, leads to the construction of the RKHS with an
empty null space. To make the regression techniques discussed later invariant
with respect to the variable locations it may be very useful to redefine a kernel
K to contain a null space of constant functions. We will return to this point in
Section 5.

3 Kernel PCA

The PCA problem in a high-dimensional feature space F can be formulated as
the diagonalization of an n-sample estimate of the covariance matrix

C=

S|

th(xi)q)(xi)T, (5)

where ®(x;) are centered nonlinear mappings of the input variables {x;}7, €
RY (we will return to the point of centralization of the data in F at the end
of this section). The diagonalization represents a transformation of the original
data to new coordinates defined by orthogonal eigenvectors V. We have to find
eigenvalues A > 0 and non-zero eigenvectors V € F satisfying the eigenvalue
equation

AV = CV.

Realizing, that all solutions V with A # 0 lie in the span of mappings ®(x;)
,+ -+, ®(x5,), the equivalent eigenvalue problem was derived [27, 28]

nia = Ka, (6)

where a denotes the column vector with coefficients aq, ..., a,, such that
n
V=> a;®(x;) (7)
i=1

and K is a symmetric (n x n) Gram matrix with the elements

Kij = (q)(xl)q)(x])) = K(XZ’,X]').



Normalizing the solutions V¥ corresponding to the non-zero eigenvalues A\ =
n)j of the matrix K, translates into the condition \;(a*.a*) = 1 [27]. Fi-
nally, we can compute the projection of ®(x) onto the k-th nonlinear principal
component by

Bi(x) = (VE.8(x)) = \/%Tkz:afl((xi,x). (8)

We used )\ to stress the difference between the eigenvalues of the K matrix
and the eigenvalues of (6) to give the connection to the Nystrém approximation
recently used in [42]. The authors have used the eigenfunction decomposition of
the kernel function K to find the orthogonal eigenfunctions spanning the RKHS
space H.? The Nystrom approximation to the k-th eigenfunction is given by

du(x) = n%k 3 6 (x0) K (i, ), (9)

where the eigenfunctions {¢(x;)}7_, at the points {x;}?_, and corresponding
eigenvalues {\; = \,/n}?_, are given by the solution of matrix problem (6).
Thus, although in the case of infinite dimensional RKHS* we can theoretically
recover an infinite number of the eigenfunctions with positive eigenvalues in
practice we are constrained to the number specified by the number of observa-
tions.

In fact, KPCA transforms the problem of the diagonalization of the covari-
ance matrix in the feature space F to the same matrix approximation of the
eigenfunctions decomposition of kernel K as used in [42]; i.e. equation (6). In
the case that we have n linearly independent vectors {®(x;)}? ,, we can recover
the orthonormal basis of eigenvectors with positive eigenvalues spanning a cor-
responding n-dimensional subspace of a feature space. Then, the eigenvector
VF can be seen as a feature space representation of the k-th eigenfunction ¢y, (x)
(evaluated at the points {x;}" ;) “embedded” into a n-dimensional subspace of
F defined by vectors {®(x;)}? . Moreover, the unignuess of the solution of (6)
allows us to use notation {¢g(x;) = ax(x;) := af}7_, leading to the equality
ﬂk (X) = ¢k (X)\/ n)\k.

In fact, it was pointed out in [42] that the projections (8) and (9) are the
same up to the scaling factor. In the case of (8), the scaling in all possible

3The authors studied the more general eigenfunctions problem f K(x,y)p(x)p;(x)dx =
Xi¢i(y), where also the probability density p(x) of the input data points was taken into
account. This leads to interesting theoretical results about dependence of the eigenspectrum
and eigenfunctions on the input data distribution (see [42]). However, for the purposes of our
comparison we will not explicitly use this fact as we can still implicitly assume that our data
are sampled by some p(x).

4Here we define the dimensionality of RKHS by the dimensionality of corresponding feature
space F, i.e. by the number of eigenfunctions with a positive eigenvalues spanning the feature
space.
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eigendirections of the n-dimensional subspace of F defined by the observed

data is the same. On the other hand, the projection (9) scales the data in the

individual directions by the factor \/;Tk This may lead to different results on

methods which are not scale invariant. In Section 5 we will show that this is
not a case when KPCR is assumed.

At the beginning of the section we assumed that we are dealing with cen-
tered data ®(x) in a feature space. However, in practical computation, the
centralization of the data leads to the modification of (6) to the form [27]

n\é = Ké, (10)

where the requirement of centered data ®(x) was transformed to the change of
K matrix to K = K — 1,K — K1,, + 1,K1,, where 1, is an (n X n) matrix
of 1/n elements. Similarly we have to change the (n; x n) “test” matrix K5t
whose elements are Ki5* := K(x;,x;) where {x;};*, and {x;}7_, are testing
and training points, respectively. The centralization of the matrix K is given
by Ktest = Ktest — 1, K — K1, + 1,, K1, where 1,, is now an (n; x n)
matrix with the same entries 1/n. The eigenfunction decomposition of the K
matrix will now lead to the new eigenfunctions basis {¢;(x)}", which is only
orthogonally rotated compared to the eigenfunctions basis {¢;(x)}i=; of the
matrix K, however, in general the estimated eigenspectrums will differ.

In the case where we would like to extract only a subset of principal compo-
nents and/or we are dealing with large data sets, then the direct diagonalization
(if it is computationally possible) of the K matrix can be disadvantageous com-
pared for the estimation of the predefined number of principal components. In
the next section we describe a probabilistic PCA model in a feature space using
the EM algorithm to find the desired principal subspace.

4 An EM Approach to Kernel PCA

Let us first define a probabilistic PCA model x = Qy + v in the input space RY,
where Q is a R *P matrix and the observation vector and latent variable vectors
are given as x € R and y € RP, respectively. The latent variables are normally
distributed with zero mean and identity covariance. The zero mean noise v is
also normally distributed with a covariance matrix defined as ¥. It is shown in
[24, 34] that as the noise level in the model becomes infinitesimal the PCA model
is recovered. The posterior density then becomes a delta function P(y|x) =
5y — (QTQ)'QTx) and the EM algorithm is effectively a straightforward
least squares projection [24] which is given below. We denote the matrix of
data observations as X € RV*" and the matrix of latent variables as Y € RPX™.
Then

E-Step Y = (Q7Q) 'Q’X

M-Step Q¥ = XYT (YY) L,

11



Motivated by this result, in [20]%, we proposed the EM approach to Kernel
PCA which is based on the nonlinear mapping of the input data to feature space
Fbyamap ®: RV = F.

Again, the centering in the feature space F can be carried out in a straight-
forward manner by “centering” the kernel matrix K outlined in the end of the
previous section.

Realizing that the columns of Q are scaled and rotated eigenvectors com-
puted by diagonalization of the sample covariance matrix we can express the
rt" column of Q as Q" = 37, 7 ®(x;) [34, 27] and write it in matrix notation
as ®TT, where the matrix ® is the matrix which has individual rows consisting
of the vectors ®(x1),...,®(x,) of the mapped observed data and the I' is an
(n x p) matrix of the coefficients {7/ : i = 1,...,n;7 = 1,...,p}. Using the
“kernel” trick, i.e. ®(x;)T®(x2) = K(x1,X2) we can see that the E-step will
now be

Y = ('K~ 'r’K . (11)
Now let us consider the M-Step. Denote the term A = Y7(YY”)"1. Asa
consequence of the fact that the columns of Q lie in the span of ®(x1),...,®(x,)

we can consider the set of equations
37 (x;)Q™" = &% (x;)®TA forall j=1,...,n

which can be also written as
Z’Y}K(vaxi)a---:ZV?K(X]"XZ') = [K(vaxl)v"'vK(Xjayn)]A
i=1 i=1

for all j = 1,...,n. We can write it in matrix form KI'™** = KA®. The M-
step then follows as
rev =A=YT(yy"H1,. (12)

It has been shown in [34], that in the case of infinitesimal noise in our model, i.e.
¥ = lim,2_,o 0L, the matrix Q at convergence will be equal to Q = VA!/?R,
where the columns of the V matrix are the eigenvectors of the sample covariance
matrix with corresponding eigenvalues Aj, ..., A, creating the diagonal matrix
A, and R is an arbitrary orthogonal rotation matrix. In [34] the authors also
pointed out that taking the columns of R” to be equal to the eigenvectors of
the QTQ matrix we can recover the true principal axes. Thus, in our case the

5For the clarity with the other sections we switched the x and y notation comparing to
the original paper and also used Q matrix notation instead of C.

6In general, K is a positive semidefinite matrix, to get the unique solution we need to
guarantee the linear independence of the vectors {®(x;)}"_,, i.e. positive definiteness of K,
by appropriate selection of the training data set {x;}!_,. In practice we can do this by adding
arbitrary small positive values on the diagonal. In the case that M < n we are getting one of

the possible solutions for I'.
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projection of the test point x onto the p nonlinear principal components is now
given by

B(x) :=R(Q"Q)'Q"&(x) = R(I"KI) 'T"K"*, (13)

where K/t is the vector [K(x1,X), ..., K(x,,%)]’. Moreover, in Appendix A
we have shown how the estimation of eigenvalues {\;}7_; and consequently the
normalization of the projection to avoid the different scaling in the individual
eigendirections can be achieved.

We should note a number of points regarding this method for performing
Kernel PCA. Firstly, due to the use of the Mercer kernels the method is inde-
pendent of the dimensionality of the input space. Secondly, the computational
complexity, per iteration, of the proposed EM method for Kernel PCA is O(pn?)
where n is the number of data points and p is the number of extracted com-
ponents. Where a small number of eigenvectors require to be extracted and
there are a large number of data points available this method is comparable in
complexity to the iterative power method which has complexity O(n?). Direct
diagonalization of a symmetric K matrix to solve the eigenvalue problem for
Kernel PCA [27] has complexity of the order O(n?). From the equations (11)
and (12) we can also see, that individual EM steps can be performed without
storing whole (n x n) matrix K. In such a case memory requirements scale as
O(p*) + O((p+1)n) (in Appendix B possible implementations of the algorithm
are discussed). However, this will slow down the computations as the elements
of K have to be computed repeatedly. The balance between the speed and
memory requirements can be achieved by allocating another (p X n) matrix (see
Appendix B).

5 Feature Space Regularized Linear Regression

5.1 Kernel Principal Component Regression

Consider the standard regression model in feature space F
y =®7v +e¢, (14)

where y is a vector of n observations of the dependent variable, ® is an (n x M)
matrix of regressors whose i-th row is again the vector ®(x;) of the mapped
x; observation into M < oo dimensional feature space F, « is a vector of
regression coefficients and € is the vector of error terms whose elements have
equal variance o2, and are independent of each other. We also assume that
regressors {Qj(x)}jﬂil are zero-mean. Thus ®7'® is proportional to the sample
covariance matrix and Kernel PCA can be performed to extract M eigenvalues
{2 1L, and corresponding eigenvectors {V/}4Z,. The projection of the ®(x)
onto the k-th nonlinear principal component is given by (8). By projection of

13



all original regressors onto the principal components we can rewrite (14) as
y = Bw + ¢, (15)

where B = ®V is now an (n x M) matrix of transformed regressors and V is an
(M x M) matrix whose k-th column is the eigenvector V¥, The columns of the
matrix B are now orthogonal and the least squares estimate of the coefficients
w becomes

w = (B"B)"'B”y = A~'BTy, (16)

where A = diag(A1, A2, ..., Aar). The results obtained using all principal com-
ponents for the projection of the original regressor variables for (15) is equivalent
to that obtained by least squares using the original regressors.”

In fact we can express the estimate 4 of the original model (14) as

M
4=Vw=V(B"B)'BTy =) X\ 'Vi(V)Te"y

i=1

and its corresponding variance-covariance matrix [10] as

M
cov(§) =0’ V(B"B) "'V = > VATIVT =02 Y A VI(VHT (17)

i=1

To avoid the problem of multicollinearity PCR uses only some of the principal
components. It is clear from (17) that the influence of small eigenvalues can
significantly increase the overall variance of the estimate. PCR simply deletes
the principal components corresponding to small values of the eigenvalues \;,
i.e. the principal components where multicollinearity may appear. The penalty
we have to pay for the decrease in variance of the regression coefficient estimate
is bias in the final estimate. However, if multicollinearity is a serious problem,
the introduced bias can have a less significant effect in comparison to a high
variance estimate. If the elements of w corresponding to deleted regressors are
zero, an unbiased estimate is achieved [10].

Using the first p-nonlinear principal components (8) to create a linear model
based on orthogonal regressors in feature space F we can formulate KPCR
model as

f(x,c) = Zwkb’(x)k+b = Zwk ZafK(xi,x)—kb = ZciK(xi,x)—f-b, (18)
k=1 k=1 =1 i=1

"PCR, as well as other biased regression techniques, is not invariant to the relative scaling
of the original regressors [6]. However, similar to ordinary least squares regression the solution
of (15) does not depend on a possibly different scaling in individual eigendirections used in
KPCA transformation. The solution is also invariant to the orthogonal rotation and in the
case of EM approach to KPCA we do not need to use rotation given by the matrix R (13).

14



where {¢; = Y 7_, wraf}r ..

We have shown that by removing the principal components whose variances
are very small we can eliminate large variances of the estimate due to mul-
ticollinearities. However, if the orthogonal regressors corresponding to those
principal components have a large correlation with the dependent variable y
such deletion is undesirable (experimentally demonstrated in [22]). There are
several different strategies for selecting the appropriate orthogonal regressors for
the final model (see [10, 11] and ref. therein). In [22] we considered the Covari-
ance Inflation Criterion [33] for model selection in KPCR as a novel alternative
to methods such as cross-validation.

5.2 Kernel Ridge Regression

KRR is another technique to deal with multicollinearity by assuming the linear
regression model (14) whose solution is now achieved by minimizing

n

Ree(y) = i — f(xi M) + &7 (19)

i=1

where f(x,7) = v7®(x) + b and ¢ is a regularization term. The least-squares
estimate of « is biased but the variance is decreased. Similar to the KPCR case
we can express the variance-covariance matrix of the « estimate [10] as

M
cov(¥) = 0” ZN(N +6)7VHVHT.
=1

We can see, that in contrast to KPCR, the variance reduction in KRR is achieved
by giving less weight to small eigenvalue principal components via the factor .

In practice we usually do not know the explicit mapping ®(.) or its compu-
tation in the high-dimensional feature space F may be numerically intractable.
In [25], using the dual representation of the linear RR model the authors de-
rived the formula for estimation of the weights « for the linear RR model
y = v ®(x) in feature space F; i.e. (non-linear) KRR. Again, using the fact
that K(x,y) = ®(x)T®(y) we can express the final KRR model in the dot
product form [25, 3]

fx)=c'k =yT'(K+¢I) 'k, (20)

where K is again an (n x n) Gram matrix consisting of dot products K;; =
(®(x;).2(xj5)) 4,5 = 1,...,n; k is the vector of dot products of a new mapped
input example ®(x) and the vectors of the training set; k; = (®(x;).®(x)). It
is worth noting that the same solution to the RR problem in the feature space
F can also be derived based on the dual representation of the Regularization
Networks minimizing the cost function (1) using the quadratic loss function

15



Vyi, f(x:)) = (yi — f(x:))? (see e.g. [9]) or through the techniques derived
from Gaussian processes [41, 3].

We can see that including a possible bias term into the model leads to its
penalization through the ¢ term. However, in the case of regression or classi-
fication tasks there is no reason to penalize the shift of f(.) by a constant. It
was pointed out in [5], that in the case of a radial kernel we can overcome this
by using a new kernel of the form

K(Xay) = K(X>Y) _EO-

The & is chosen to construct a new RKHS consisting only of zero-mean func-
tions; i.e. K without the zeroth order Fourier component. Effectively, the new
kernel K induces the null space of the constant functions which are not included
in a new RKHS norm and based on the cost function (1) are not penalized®.
Now, the solution (4) will take the form [9, 39, 5]

f(x):ZciK'xxl 5:2 K(x,x;) — &) +b—ch (x,x;)+b (21)

and the unknown coefficients {¢;}7_,,b = 31, i€ + b can be found by solving
the following system of linear equations [9, 5]

(K+&Ne+1b= K+ (E—&))e+1b= (K + Enewl)c+1b =y,

zn:ci =0. (22)

Thus we still can use a positive definite kernel K as the only change is to estimate
new b and &, terms. Let us note that the solution of the SVR, i.e. assuming
the linear regression model y = ¥7®(x) + b in the feature space F, leads to
the non-linear regression model (21). In fact, in [32] the authors have shown
that using the quadratic loss function in the case of SVR model transforms
the general quadratic optimization problem [29] for finding the estimate of the
weights v = > | ¢;®(x;) and b to the solution of the linear equations (22).

Another technique in removing a “bias” term problem is to “centralize”
the regression problem in feature space; i.e. assume the sample mean of the
mapped data (I>(xl) and targets y to be zero. This will lead to the regression
problem g = v <I>( ) without the bias term. The centralization of the individual
mapped data points ®(x) can be done by the same ” centralization” of the Gram
matrix K and vector k as described in Section 3. The solution is then given by
modification of (20) to the form

fx)=3"(K+¢D k. (23)

8In fact, we do not need to constrain ourself to the construction of a RKHS with only
constant functions not included in the norm. Similar to the SVR, we can construct a new
kernel K and by using the same stabilizer HfH?H we can “balance” the penalization of the
potential constant feature of a initial kernel K by a new extra, not penalized, constant feature.
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5.3 Summing Up

Using the analogy with PCR and RR in input data space, a connection be-
tween regularized linear regression models in feature space F corresponding to
KPCR and KRR has been established. Both methods belong to the class of
shrinkage estimators; i.e. they shrink the ordinary least squares solution from
the directions of low data spread to directions of larger data spread. This ef-
fectively means that we can achieve the lower variance of estimated regression
coefficients at the cost of a biased estimate. Whilst with KPCR, we project the
data mainly to the principal components corresponding to larger eigenvalues,
with KRR we are giving less weight to the smaller eigenvalues. Thus, in both
cases we are faced with a model selection problem; i.e. selection of non-linear
principal components in KPCR and setting the regularization term ¢ in KRR,
respectively. In KPCR one of the straightforward model selection criteria is
based on choosing the first p principal components describing the predefined
amount of overall variance. If p <« n < M, then using the proposed EMKPCA
method having complexity O(pn?) can be highly advantageous. Moreover, on
large scale regression problems, where we can not diagonalize the Gram matrix
K, the estimate of the p < n < M principal components seems to be the only
possible choice. However, in Section 7 we will demonstrate that in some cases
the principal components corresponding to relatively small eigenvalues can have
a significant contribution to the performance of KPCR. In such cases, if it is
computationally possible, the extraction of almost the whole spectra of princi-
pal components and using the appropriate model selection criteria can lead to
improvement, of KPCR. On the other hand, in the case of KRR the computa-
tion complexity scales with O(n?®) and in general we also have to do the search
through a wide range of possible values to find the optimal regularization term
& . Moreover, on large data set we can not use the direct method; i.e. inversion
of the (n x n) matrix K, and we need to do some approximations as proposed
in [7, 35, 30].

6 Data Sample Construction
6.1 Chaotic Mackey-Glass Time-Series

The chaotic Mackey-Glass time-series is defined by the differential equation

ds(t)
dt

s(t—1)
1+ s(t—7)10

=—bs(t)+a

with a = 0.2, b = 0.1. The data were generated with 7 = 17 and using a second-
order Runge-Kutta method with a step size 0.1. Training data is from t=200
to t=3200 while test data is in the range t= 5000 to 5500. To this generated
time-series we added noise with normal distribution and with different levels
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at a randomly selected position on a 2-degree annulus. Fixation was monitored
with an infrared eye tracking device. Subjects were required to classify the
symbols as targets or non-targets using button presses and then to indicate their
subjective confidence on a 3-point scale using a 3-button mouse. Performance
was measured as a linear composite of speed, accuracy, and confidence. A single
measure, PF1, was derived using factor analysis of the performance data for all
subjects, and validated within subjects. The computational formula for PF1
was

PF1 = 0.33xAccuracy + 0.53%Confidence - 0.51xReaction Time

using standard scores for accuracy, confidence, and reaction time based on
the mean and variance of their distributions across all subjects. PF1 varied
continuously, being high for fast, accurate, and confident responses and low for
slow, inaccurate, and unconfident responses. In our experiments we linearly
normalized PF1 to have a range of 0 to 1.

ERPs were recorded from midline frontal, central, and parietal electrodes
(Fz, Cz, and Pz), referred to average mastoids, filtered digitally to a bandpass
of 0.1 to 25 Hz, and decimated to a final sampling rate of 50 Hz. The prestim-
ulus baseline (200 ms) was adjusted to zero to remove any DC offset. Vertical
and horizontal electrooculograms (EOG) were also recorded. Epochs containing
artifacts were rejected and EOG-contaminated epochs were corrected. Further-
more, any trial in which no detection response or confidence rating was made
by a subject was excluded along with the corresponding ERP.

Within each block of trials, a running-mean ERP was computed for each trial
(Figure 2). Each running-mean ERP was the average of the ERPs over a window
that included the current trial plus the 9 preceding trials for a maximum of 10
trials per average. Within this 10-trial window, a minimum of 7 artifact-free
ERPs were required to compute the running-mean ERP. If fewer than 7 were
available, the running mean for that trial was excluded. Thus each running mean
was based on at least 7 but no more than 10 artifact-free ERPs. This 10-trial
window corresponds to about 30s of task time. The PF1 scores for each trial
were also averaged using the same running-mean window applied to the ERPs,
excluding PF1 scores for trials in which ERPs were rejected. Prior to analysis,
the running-mean ERPs were clipped to extend from time zero (stimulus onset
time) to 1500 ms post-stimulus, for a total of 75 time points.

7 Results

The present work was carried out with Gaussian kernels; K (x,y) = e_(w%
where L determines the width of the Gaussian function. The Gaussian kernel
possesses a good smoothness properties (suppression of the higher frequency
components) and in the case we do not have a priori knowledge about the
regression problem we would prefer a smooth estimate [9, 31].
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Figure 2: Running-mean ERPs at sites Fz, Cz and Pz for subject B in the first 50
running-mean ERPs.

7.1 Chaotic Mackey-Glass Time-Series

The standard EM convergence proofs [4] and the results on the convergence of
EM for PCA [34] guarantee that after reaching a stable local extremum (which
is the global maximum) the true principal subspace will be recovered. However,
for our purposes we would like to experimentally compare the performance of
the Kernel Principal Component Regression (KPCR) with EM for Kernel PCA
(EMKPCA) with the case when the main principal components are extracted
by KPCA. It also seems to be meaningful to investigate how many EM steps we
need, or in other words how fast the EMKPCA algorithm is to get the desired
performance of KPCR. To compare the performance of EMKPCA with the other
iterative methods for estimation of only a few main principal components we
also used the eigs Matlab procedure. This is an implementation of a implicitly
restarted Arnoldi method [19, 40] for computing a few selected eigenvalues of
large structured matrices. We refer to this method as iKPCR.

All regression models were trained to predict the value at time ¢ + 85 from
inputs at time t,t — 6,t — 12,¢t — 18. The training data partitions were con-
structed by moving a ”sliding window” over the 3000 training samples in steps
of 500 samples. This window had two sizes - 500 samples and 1000 samples,
respectively. This created six partitions of size 500 samples and five partitions
of size 1000 samples. We estimated the variance of the overall clean training
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set and based on this estimate 2 = 0.05 we repeated our simulations for the
width L from the range (0.26%,2062) using the step size 0.01. A fixed test set
of size 500 data points (see Section 6.1) was used in all experiments. The per-
formance of the regression models to predict ”clean” Mackey-Glass time series
was evaluated in terms of normalized root mean squared error (NRMSE). The
stopping criterion in the case of EMKPCA was the change of the I' matrix in
two consecutive EM steps - in reported experiments we used the Frobenius norm
and the threshold equal 1.

The best results on test set averaged over all individual runs are summarized
in Table 1. We can not observe any significant difference between the perfor-
mance of the methods. With the iIKPCR method we did not achieve convergence
on all training data pairs on tasks to compute more than 500 eigenvectors (sev-
eral different stopping criteria and initializations were used). We hypothesize
that this is due to the low rate between small eigenvalues % — 0 of the K
matrix . '

In Figure 3 we depicted the number of EM steps (in dependence on num-
ber of extracted principal components) for which the number of floating point
operations computed by Matlab’s flops function was less than direct diagonal-
ization of the Gram matrix K. Individual plots represent the dependence for
different widths L of the Gaussian kernel used in experiments reported in Table
1. From both graphs we can see that even for relatively small training data sets
(500 (left) and 1000 (right)) using EMKPCA can be advantageous when the
number of desired principal components scales up to 2-3 hundred. With further
significantly greater increases of the number of training data points comparing
to the number of desired principal components, the use of EMKPCA will be
even more profitable. However, we have to note, that in the case of EMKPCA
we did not included the computational costs associated with finding the corre-
sponding eigenvalues (Appendix A). This is important when the estimate of the
proportion of the variance described by the extracted principal components is
needed. We observed, that adding these extra computations and using 15 EM
steps, the EMKPCA approach will still be profitable when extraction of up to
150 principal components is desired. Similar to Figure 3, in Figure 4 we depicted
the number of EM steps for which the number of floating point operations was
less than using Matlab’s eigs iterative method with default convergence toler-
ance 1e~!0. Although, theoretically, the complexity of the EMKPCA and eigs
methods is comparable only for the extraction of a lower number of principal
components we can see that in terms of a number of floating points operations
the EMKPCA may be advantageous also for the extraction of a relatively high
number of principal components. We also observed that with increasing width
of the Gaussian kernel the number of principal components on which eigs con-
verged was decreased. In the case of the Gaussian kernel the eigenvalues decay
more rapidly with increasing width and we may conjecture that this would
be the reason why the convergence for higher number of eigenvalues was not
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Method n/s=0.0% n/s=11% n/s=22%
500 1000 500 1000 500 1000
KPCR with 0.038 0.008 0.308 0.281 0.442 0.413
EMKPCA (0.025) (0.004) | (0.028) (0.003) | (0.033) (0.008)
# of EM steps || 5.7 22 10.8 13.4 8.2 11.6
KPCR with 0.038 0.008 0.307 0.280 0.443 0.414
KPCA (0.025) (0.004) | (0.030) (0.003) | (0.033) (0.010)
KPCR with 0.038 - 0.310 0.280 0.448 0.414
iKPCR (0.025) - (0.033)  (0.004) | (0.034) (0.010)

Table 1: The comparison of the approximation errors (NRMSE) of prediction for 2
different sizes of Mackey-Glass training set. The values represent an average of 6 simu-
lations in the case of 500 training points and 5 simulations in the case of 1000 training
points, respectively. iKPCR represents the method where only the first N eigenvec-
tors were estimated (eigs Matlab procedure). Corresponding standard deviation is
presented in parentheses. The last row of KPCR with the EM approach to the KPCA
method represents the average number of EM steps we used. n/s represents the ratio
between the standard deviation of the added Gaussian noise and the underlying time-
series. For KPCR computed on 500 training points we used the first N = 495, 100 and
50 nonlinear principal components corresponding to the case of n/s=0.0%, n/s=11%
and n/s=22%, respectively. For KPCR computed on 1000 training points we used the
first N = 750,125 and 75 nonlinear principal components.

reached.

In the KPCA algorithm we need to solve the eigenvalue problem (6). How-
ever, direct diagonalization of the Gram K matrix can be numerically unstable
when we are dealing with a matrix of high dimensionality. Moreover, in [23]
it was shown that on some data sets the estimation of the eigenvectors and
eigenvalues using only a fraction of training data points followed by projection
of the remaining training data points onto the nonlinear principal components
does not, degrade overall performance. In Table 2, we demonstrate that fact by
using the first half of the training data points (500) to estimate the eigenvec-
tors and eigenvalues of the (500 x 500) Gram K matrix. However, it is worth
noting that this reduction does not lead to a significant degradation of the per-
formance on noisy data. The best performance on noisy data was achieved
using a significantly smaller number of the principal components which can be
seen as a noise reduction on the feature space data representation [23]. The
significant difference between the prediction accuracy on the clean and on the
noisy Mackey-Glass time series gives rise to the question of whether it is at all
possible to sufficiently reduce the level of the noise in feature space due to the
violation of the additive and uncorrelated essence of the noise introduced by the
nonlinear transformation. This may potentially have a stronger effect on the
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Figure 3: Number of EM steps (in dependence on number of extracted principal
components) for which the number of floating points operations computed by Matlab’s
flops function was less than direct diagonalization of the Gram matrix K. Individual
plots represent the dependence for different widths L of the Gaussian kernel used in
experiments reported in Table 1. Left: results using 500 training data points Right:
results using 1000 training data points.
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Figure 4: Number of EM steps (in dependence on number of extracted principal
components) for which the number of floating points operations was less than using
Matlab’s eigs iterative method with default convergence tolerance le™'°. Individual
plots represent the dependence for different widths L of the Gaussian kernel used in
experiments reported in Table 1. Left: results using 500 training data points Right:
results using 1000 training data points.

23



main principal components [23]. Therefore, we have to deal with the trade off
between noise reduction and the associated signal information loss. From Table
2 we can also see that the reduction of the number of used eigenvectors to 495 in
the case of the clean Mackey-Glass leads to a significant decrease of the overall
performance (NRMSE 0.014) compared to the results in Table 1 where the best
performance was achieved using 750 eigenvectors (NRMSE 0.008).

In next step, we compared KPCR using the EMKPCA algorithm with the
KRR method. The same prediction task, training-testing data pairs and se-
lection of width L parameter as described above was used. The regularization
parameter £ in KRR was estimated by cross-validation using 20% of the train-
ing data partitions for validation set. In fact, to find the value of £, we did the
cross-validation in two steps. First the order of £ was estimated and then the
finer structure of the values in range +1 order was taken to estimate a “optimal”
value of ¢. Table 3 summarize the achieved results. We compare the behavior
of KRR both with and without additional bias term, whose solution is given
by equation (20) and equation (22), respectively. We can see that assuming an
extra, unpenalized bias term we can improve the performance of KRR on this
data set. It is also worth noting that there is no significant difference between
KRR with bias and the KPCR method. However, in [23], for a wide range of
the L parameter we reported smaller variance of KPCR over individual runs
for some of the experimental settings. Moreover, in the case of KPCR we av-
eraged the results on different training parts using a fixed number of principal
components for each run. This is hardly optimal and we may hypothesize that
by using the appropriate model selection criteria for the selection of the “best”
eigenvectors we can further improve the performance of the KPCR algorithm
(see e.g. [10, 22] and references therein).

On this data set we also experimentally compared KRR with a bias term (22)
with ”centralized” KRR, defined by (23). Using the same strategy for estimation
of a £ penalization term by cross-validation we observed the maximum difference
between NRMSE on test set for individual training sets of order 10e~¢. Effec-
tively this leads to the same averaged NRMSE of both methods as displayed for
KRR with bias term (22) in Table 3.

Now, let us return to the KPCR model again. We observed that in the
case of noisy Mackey-Glass time series we could significantly reduce the number
of principal components used in KPCR. Moreover, we observed that using a
smaller input data set the subspace defined by these principal components can
be sufficiently precisely recovered (evaluated in terms of the performance of
KPCR). In such a case we can highly profit from the computational and storage
advantages of the EM for KPCA algorithm. However, in the case of the clean
Mackey-Glass time series the situation seems to be rather more complicated.
Using the 5 different training data sets we observed that on average the best
performance of KPCR, was achieved using the 750 main principal components.
Observing the feature space eigen-spectra corresponding to individual mapped
training data sets we found that on average 99% of the variance can be recovered
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Method n/s=0.0% | n/s=11% | n/s=22%

KPCRugoo || 0.014 0.280 0.414
(0.005) (0.003) | (0.010)
KPCRsoo || 0.017 0.282 0.414

(0.009) (0.005) | (0.008)

Table 2: The comparison of the approximation errors (NRMSE) of the KPCR method
using all 1000 training data points (KPCR1go0) to estimate eigenvectors and eigenval-
ues with the KPCR method where the first half (500) of the training points was used
KPCRs00- In the later case, the rest of the training points was projected onto the esti-
mated eigenvectors. The values represent an average of 5 simulations. Corresponding
standard deviation is presented in parentheses. n/s represents the ratio between the
standard deviation of the added Gaussian noise and the underlying time-series. We
used the first 495, 125 and 75 nonlinear principal components corresponding to the
case of n/s=0.0%, n/s=11% and n/s=22%, respectively.

Method n/s=0.0% n/s=11% n/s=22%
500 1000 500 1000 500 1000
KPCR with 0.038 0.008 0.308 0.281 0.442 0.413
EMKPCA (0.025)  (0.004) | (0.028) (0.003) | (0.033) (0.008)
KRR with bias || 0.038 0.007 0.312 0.279 0.446 0.404
eq. (22) (0.024) (0.003) | (0.032) (0.010) | (0.036) (0.006)
KRR 0.057 0.0102 | 0.343 0.294 0.468 0.423
eq. (20) (0.039) (0.004) | (0.034) (0.011) | (0.036) (0.018)

Table 3: The comparison of the approximation errors (NRMSE) of prediction for 2
different sizes of Mackey-Glass training set. The values represent an average of 6 simu-
lations in the case of 500 training points and 5 simulations in the case of 1000 training
points, respectively. Corresponding standard deviation is presented in parentheses.
n/s represents the ratio between the standard deviation of the added Gaussian noise
and the underlying time-series. For KPCR computed on 500 training points we used
the first 495, 100 and 50 nonlinear principal components corresponding to the case
of n/s=0.0%, n/s=11% and n/s=22%, respectively. For KPCR computed on 1000
training points we used the first 750, 125 and 75 nonlinear principal components.
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7.2 Human Signal Detection Performance Monitoring

On this data set we again investigated the behavior of the KPCR model with
the principal components extracted by the EM approach. On this real world
data set we do not have any information about the type of the noise. It is well
known that in the case of the additive Gaussian noise the best approximation
to the regression is given by the quadratic cost function. However, if the noise
is uniform alike the Vapnik e-insensitive cost function can lead to more robust
estimate [38]. For that reason we also used SVR with the e-insensitive cost
function whose solution we found by using SVM Torch [2] algorithm.

First, we randomly selected two subjects from all eight subject data set.
Based on the results of our former study we have used the first 90% of the prin-
cipal components. We trained the models on 50% of the ERPs and tested on
the remaining data. Using 20% of the training data set as a validation set, we
estimated the regularization £ and e parameters for KRR and SVR models. The
described results, for each setting of the parameters, are an average of 10 runs
each on a different partition of training and testing data. To be consistent with
the previous results reported in [37] the validity of the models was measured in
terms of normalized mean squared error (NMSE) and in terms of the proportion
of data for which PF1 was correctly predicted with 10% tolerance (test propor-
tion correct (TPC)), i.e £0.1 in our case (the PF1 was linearly normalized into
the range (0, 1)).

In Figures 6 and 7 we depicted two examples of the dependence of the
training and testing error of the KPCR on the number of EM iterations. We
used subject A (592 ERPs) and two different initializations of the I' matrix.
We run the experiments for a wide range of Gaussian kernel width parameter L
(z-axis). From the upper graphs we can see that using only 5 EM steps a slight
overfitting occurs for the width on which minimum testing error was achieved.
On the second example (lower graphs) the overfitting appears for bigger values
of L. However, this overfitting is in both cases insignificant and from the graphs
we can also conjecture that on average 10 EM steps give good results. Similar
results were achieved for subject B (776 ERPs) - Figure 8.

Table 4 summarizes the results achieved on the subjects A and B using
KPCR, KRR with an extra bias term (eq. (22)) and SVR methods. We dis-
played the results for kernel width L on which the minimum NMSE on the test
set was achieved. This “optimal” width was different for the individual meth-
ods. We can see a slightly worse (appr. 2% on NMSE) performance of the SVR
method comparing to the KPCR and KRR methods which assume a Gaussian
type of noise in the regression model.

In the next experiments we constructed the regression models on all eight
subjects. We split the overall data set (5594 ERPs) into three different training
(2765 ERPs) and testing (2829 ERPs) data pairs. Again, 20% of the training
data set was used for cross-validation in the case of KRR and SVR, respec-
tively. Based on our former studies [21, 23] we used a Gaussian kernel of width
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Method NMSE TPC

A B A B

KPCR with EMKPCA 0.1169 0.1746 | 90.44 84.54
(0.0228) (0.0207) | (0.02) (0.02)
KRR with bias eq. (22) || 0.1178 0.1750 | 90.74 84.66
(0.0232) (0.0199) | (0.01) (0.01)
SVR with SVMTorch 0.1197 0.1772 | 90.91 84.28
(0.0241) (0.0211) | (0.01) (0.02)

Table 4: The comparison of the NMSE and TPC prediction errors for subjects A
and B. The values represent an average of 10 different simulations and corresponding
standard deviation is presented in parentheses.

L = 6000. In Figure 9, for one of the training-testing pair, we depict the train-
ing and testing error for a different number of selected eigenvectors. In fact, we
estimated the first 2650 eigenvectors using 30 EM steps and then constructed
KPCR models by removing the eigenvectors corresponding to the smallest eigen-
values. We can see that using more then 2525 principal components we did not
improve the performance. Moreover comparing the left and right graphs we
can see that further increase of the number of principal components used in
KPCR model indicate a possible overfitting effect. On the other hand, reduc-
tion of the number of selected principal components to the first 2000 will lead
to approximately 8.5% degradation of the performance in terms on NMSE. It
is interesting to point out that this choice of 2000 principal components rep-
resents only 3.8e7%% reduction of the described variance compare to the case
when 2600 principal components is used.

In Figure 10, for 3 different testing training pairs, we depicted the depen-
dence of the training and testing error of KPCR on the number of EM steps
used for estimation of the first 2600 principal components. The results suggests
that approximately 30 EM steps are enough to achieve good performance of
KPCR on this data set.

Table 5 summarizes the performance of the KPCR with EMKPCA, KRR
with a extra bias term (eq. (22)) and SVR. We can see a slightly better per-
formance achieved with the KPCR and KRR models in comparison to SVR
(appr. 4% on NMSE). Together with results in Table 4 this suggests that on
this data set a Gaussian type of noise is more likely; i.e. the regression models
with quadratic cost function are preferable.
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Figure 6: Subject A (I' matrix initialization #1). Dependence of the KPCR per-
formance based on the number of EM steps used to extract 90% of the non-linear
principal components. Individual lines represents the results achieved for a particular
number of EM steps using different width (L) parameter of the Gaussian kernel.
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Figure 7: Subject A (T' matrix initialization #2). Dependence of the KPCR per-
formance based on the number of EM steps used to extract 90% of the non-linear
principal components. Individual lines represents the results achieved for a particular
number of EM steps using different width (L) parameter of the Gaussian kernel.
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Method Train NMSE | Test NMSE | TPC
KPCR with EMKPCA 0.0025 0.1543 83.28
KRR with bias eq. (22) || 0.0039 0.1546 83.50
SVR with SVMTorch 0.0109 0.1611 82.76

Table 5: The comparison of the NMSE and TPC prediction errors for the model based
on all subjects ERPs. The values represent an average of 3 different simulations.

8 Discussion and Conclusions

On two data sets we demonstrated the comparable performance of KPCR with
EMKPCA algorithm for kernel principal components extraction in comparison
to KRR and SVR. EMKPCA is computationally more attractive when extrac-
tion of p < n main principal components is required. Moreover, the method
can be used without storing of the whole (n x n) Gram matrix; i.e. with mem-
ory requirements equal O(p?) + O((p + 1)n). This can be advantageous when
dealing with large data sets. The good performance of KPCR with EMKPCA
on both data sets also suggests that in the case when the number of “optimal”
principal components is more than thousand EMKPCA extracts those principal
components sufficiently precisely for desired KPCR. This is a quite important
in the situation where we want to apply any model selection technique. Due
to the fact that, on some data sets, principal components corresponding to
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small eigenvalues can have significant correlation with the dependent variable,
we would like to have available the principal components corresponding to the
eigenvalues covering almost the whole variance of the training data. This fact
was pointed out in [10, 11] and also stressed in the Section 5. On the data
sets used in our parallel study [22] we observed that using either CIC or cross-
validation model selection techniques, some of the ”small” eigenvalues principal
components entered a final model improving the performance.

The connection between KRR and KPCR; i.e. regularized linear regression
techniques in a feature space was given. Using the parallel of those techniques
in input space we have shown how the smaller covariance/variance of the coef-
ficients estimates can be achieved. This is a quite important fact, because as
it was shown in [31] we would like to construct the ” flattest” linear regression
models in feature space which together with the smoothness properties of the
chosen kernel K would lead to the smooth final non-linear regression estimates.
Moreover, on both data sets we observed that penalization of the bias term in
the case of KRR degrades the performance. We described two possible ways to
include an unpenalized bias term into KRR model and have shown the same
improvement of both approaches. The centralization of the KRR model leads to
the computational complexity of O(n?) while the addition of an extra bias term
increases the complexity to O((n 4+ 1)). On the other hand, the centralization
of KRR model leads to additional computation of the ”centralized” training and
testing K matrices (Section 3) and in practical situations we also need to have
a representative training set to correctly estimate centralized testing data.

The e-insensitive SVR provides a sparse kernel representation. The selection
of a reduced input data set for kernel principal components estimation will lead
to a sparse representation of KPCR. In fact in [21] and also in Section 8 on some
data sets we have shown that estimation of kernel principal components from
a partial input data set did not significantly influence the final performance of
KPCR. A possibility to significantly reduce the number of used kernel principal
components for the next classification tasks was also reported in [27, 26, 17].
This may potentially lead to a significant reduction of the training set used for
the estimation of the main principal components and effectively allows us to
deal with larger data sets. We conjecture that in the case of the classification
this results are more intuitive, as usually the data structure can be revealed by a
few main eigenvectors. This fact was also stressed in [42] where the lower bound
for the selection of the eigenvalues was proposed. On the other hand, some of
the presented results also suggest that in regression tasks one should be more
careful about significant reduction of a number of used principal components
based only on criterion derived from a proportion of variance described by the
main principal components.
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Appendix A

We would like to stress several facts concerning EMKPCA. First from the defi-
nition of our probabilistic PCA model it is clear that the latent variables y have
identity covariance matrix. Thus at the convergence the projection of the ob-
served data to the found p dimensional subspace will lead to the whitening of the
projected data. As we noted in Section 4 the maximum-likelihood estimation
Qs for the probabilistic PCA model can be express in the form consisting
from the principal eigenvectors of the data covariance matrix, corresponding
eigenvalues diagonal matrix and arbitrary rotation matrix Qu;, = VAY?R
[34]. Thus to avoid different scaling in the individual eigendirections we need to
find A matrix and to use the Qa;z A~1/? matrix; i.e. changing the projection
(13) to the

B(x) == A’R(QTQ) Q" ®(x) = AV*R(IKI) 'TTK"™"  (24)

Now, let us show how the matrix A can be recovered. From the fact that
we defined Q = ®7T and from (7) we can write

{1}y = T TAY?R

where Y now represents the matrix with columns created by estimated eigen-
vectors {a*}7_, of the Gram matrix K. Assuming positive definiteness of the
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K = ®&” matrix (see remark in Section 4) we can see that at the convergence
we also have the relation
Ty = YAY’R.

It was pointed out in [26] and [16] that the diagonalization of the K? instead
of K leads to the same eigenvectors and squared eigenvalues. Further the nK?
can be seen as the covariance matrix of the empirical kernel map ®.,,, defined
for a given set of points {x;}? , as

Pepp : RY — R™,
x — K(-7X)|{x1,...,xn} = (K(x1,x), ..., K(xp,x)).

This fact was recently also used in [17] where similar EMKPCA algorithm was
proposed. That simply means that we can assume the probabilistic PCA model
of the form K,,,, = I'Y where the columns of K., now represents central-
ized empirical kernel maps {®,pmp(x;)}" ,%. In the next step we can take the
orthonormal basis created by orthogonalization'® the columns of I' and project
the observed data to the p-dimensional subspace defined by this orthogonal ma-
trix I'y45. By applying standard PCA on the covariance matrix of the projected
data Y = FoTrthKemp we can recover the desired squared eigenvalues'! of the
Gram matrix K. Now, the projection of the test point x can by done using either
(24) or by projection of the centralized empirical mapping ®¢mp(x) by T2, Vy
where the Vy is the matrix of the eigenvectors found by diagonalization of the
covariance matrix of Y.

At the end of this appendix we would like to stress one interesting fact. If
we can allow the whitening of the projected data in the found p-dimensional
subspace we can simply reduce the computational demands of the projection of
the training data points by realizing that the rows of orthonormal matrix T+,
are in fact desired projected data (or latent variables y). This can be seen from
matrix form of our probabilistic PCA model in feature space F

" =QY =3'TY
which can be rewritten after multiplication of the both sides by ® as
K=KTIY.

Providing the orthonormalization of the I' matrix and again assuming the pos-
itive definiteness of the K = ®®7 matrix this leads to

I‘zj;rth =Y.

9Let us remind, that in practice we diagonalize ”centered” matrix K (eq. (10)). This
simply means that for Kemp we have to take K with centered columns and implicitly assume
the empirical map &y defined by x — I~((.,x)|{xl,___,xn} = (K(x1,%),...,K(xn,x)).

100rthogonalization will not change p-dimensional subspace defined by the columns of T.

' The relation between these extracted eigenvalues A and the eigenvalues Ay of the covari-

ance matrix C (5) is Ay, = 1/ ;\Tk [16].
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Effectively, it means to use the projection'?

(1 KT,)'TT

_ T
ort orthK - Forth '

However, to project the new testing point we need to use (13).

Appendix B

First assume the E-step; i.e equation (11) Y = (I'"KT)~!TTK. In first step
we have to allocate and compute the (n x p) T' and (p x p) TTKT matrices.
The computation of the later matrix does not require storing of the (n x n)
Gram matrix K because the procedure can be done by the elements of K. In
next step we can compute the right hand side (p x n) TTK matrix. However
this will increase the memory requirements only by allocating one n dimensional
vector into which we need to temporarily store the results of multiplication of
one particular row of I'T matrix with the columns of K. It is clear that this
procedure can significantly slow down the algorithm. So, if we have enough
memory we can do the procedure for a couple of rows of I' matrix at the same
time. Moreover, if we can allocate additional (n x p) matrix the whole algorithm
can be significantly faster as we will need to compute I'"K only one time. In
next step we need to compute the Y matrix, however this will not increase the
memory requirements because now we can overwrite the I'”K matrix. Up till
now we assumed we are dealing with “centralized” K matrix. As we noticed
in Section 3 the centralization is given by K = K-1,K-K1, +1,K1,
where 1,, is a (n X n) matrix of 1/n elements. More detailed look will reveal
that the individual columns {[1,K]’}?; of the 1, K matrix consist of the same
numbers %E?:l K;; and that the K1, is just the transpose of 1,K. Similar
we can see that the elements of 1,,K1,, are # ZZ]':1 K;j. To speed up the
centralization procedure this n 4+ 1 values can be computed in advanced and
stored during execution of the EM algorithm. To compute the new I' matrix
in M-step I'*” = YT(YY")"! we can use the same approach as described
for E-step. We can see that again we need to allocate the (n x p) and (p x p)
matrices plus an n-dimensional vector.

Summarizing the both steps we can see that the memory requirements can
be reduced to the O(p?) + O((p+1)n), however, as we discussed above, this will
be done at the expense of the speed the algorithm. We conjecture that a good
compromise can be achieved by allocating extra (p x n) space for storing of the
I'"K matrix.

12The equality can by simply proved by realizing that CTC = I'"KI' = RTAR and
that due to the fact that rank of T’ is p, the (p X p) matrix used for orthogonalization of T'
(Gram-Schmidt orthogonalization) will have full rank p.
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